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Multiobjective Optimization of Large-Scale Structures
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This paper presents a multiobjective optimization algorithm based on generalized compound scaling tech-
niques. The algorithm handles any number of objective functions, similar to handling behavior constraints. This
technique generates a partial Pareto set while solving the optimization problem. A reliability-based decision
criterion is used for selecting the best compromise design. The example cases considered in this work include
various disciplines in airframe structures, such as stress, displacement, and frequency with hundreds of design
variables and constraints. This paper also discusses the concept of Pareto-optimal solutions in the context of a
multiobjective structural optimization problem and the commonly used methods of generating Pareto-optimal
solutions.

Introduction

MULTIOBJECTIVE optimization has recently been ac-
knowledged as an advanced design technique in struc-

tural optimization.1 Most of the real-world problems are mul-
tidisciplinary and complex, as there is always more than one
important objective function in each problem. To accommo-
date many conflicting design goals, one needs to formulate the
optimization problem with multiple objectives. One important
reason for the success of the multiobjective optimization ap-
proach is its natural property of allowing the designer to
participate in the design selection process even after the for-
mulation of the mathematical optimization model. The main
task in structural optimization is determining the choice of the
design variables, objectives, and constraints. Sometimes only
one dominating criterion may be a sufficient objective for
minimization, especially if the other requirements can be pre-
sented by equality and inequality constraints. But generally
the choice of the constraint limits may be a difficult task in a
practical design problem. These allowable values can be rather
fuzzy, even for common quantities such as displacements,
stresses, and natural frequencies. If the limit cannot be deter-
mined, it seems reasonable to treat that quantity as an objec-
tive. In addition, usually several competing objectives appear
in a real-life application, and thus the designer is faced with a
decision-making problem in which the task is to find the best
compromise solution between the conflicting requirements.

A variety of techniques and applications of multiobjective
optimization have been developed over the past few years. The
progress in the field of multicriteria optimization was summa-
rized by Hwang and Masud2 and later by Stadler.3'4 Stadler
inferred from his survey that if one has decided that an opti-
mal design is to be based on the consideration of several
criteria, then the multicriteria theory (Pareto theory) provides
the necessary framework. In addition, if the minimization or
maximization is the objective for each criterion, then an opti-
mal solution should be a member of the corresponding Pareto
set. Only then does any further improvement in one criterion
require a clear tradeoff with at least one other criterion. Rad-
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ford et al.5 in their study have explored the role of Pareto
optimization in computer-aided design. They used the weight-
ing method, noninferior set estimation (NISE) method, and
constraint method for generating the Pareto optimal. The
authors discussed applying the knowledge-based engineering
to formalize the control and derivation of meaning from the
Pareto sets.

Rao6'7 and Rao et al.8 treated several different problems
mainly by either applying the methods in which the objectives
are a priori fixed or using the goal-programming and the game
theory approach. In their work, they also considered the
design of actively controlled structures as a multiobjective
optimization problem. Koski9'10 formulated a multicriterion
problem using the material volume and several chosen nodal
displacements as the objectives. Most of the applications were
on trusses. Usually, the Pareto-optimal set was determined
by the linear weighting, the min-max, or the constraint meth-
ods. The isostatic truss problem in Ref. 11 was solved analyt-
ically in general terms, using the necessary and sufficient
conditions of Pareto optimality, in which the weight and
displacement are minimized but subject to stress and Euler
buckling constraints.

Using goal-programming techniques, El-Sayed et al.12

demonstrated an algorithm for solving nonlinear structural
optimization problems. The algorithm uses the linear goal-
programming techniques with successive linearization for the
nonlinear equations to obtain the solution for the nonlinear
goal optimization problems. A goal-programming formula-
tion was generated for a three-bar truss problem wherein
uncertainty in both load magnitude ancl direction was consid-
ered.13 Hajela and Shih14 proposed a minimum variant of the
global criterion approach to obtain solutions to multiobjective
optimum design problems involving a mix of continuous,
discrete, and integer design variables. To obtain solutions to
multiobjective optimum design problems involving a mix of
continuous, discrete, and integer design variables, Saravanos
and Chamis15 developed a design for lightweight, low-cost
composite structures of an improved dynamic minimum vari-
ant of the global criterion approach. Saravanos and Chamis's
performance was based on multiple objectives. Tseng and Lu16

proposed a minimax multiobjective optimization model for
structural optimization. They used the three typical multiob-
jective optimization techniques—goal programming, compro-
mise programming, and the surrogate worth tradeoff
method—to solve truss problems. The main purpose of their
work was to apply the multiobjective optimization techniques
to the selection of system parameters and to solve large-scale,
structural design optimization problems.
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This paper presents an algorithm well suited for multicrite-
ria optimization. The algorithm is based on the generalized
compound scaling method in which the objectives are treated
similar to constraints. Pseudotargets are defined for the objec-
tive functions at each iteration, to convert them as constraints.
The algorithm generates a partial Pareto-optimal set for a
class of problems in which the optima lie on the constraint
surface or the intersection of constraints. The main advantage
of this algorithm is that in one optimization run some of the
Pareto optima are generated. Details of some of the important
multiobjective methods, the optimization algorithm, reliabil-
ity-based decision criterion, and numerical results are pre-
sented. Three structural problems presented demonstrate the
robustness of the algorithm in solving large-scale optimization
problems with linear and nonlinear objective functions. The
computational effort involved in the optimization part of
these problems was minimal.

Pareto Concept
Pareto optimality serves as the basic multicriteria optimiza-

tion concept in virtually all of the previous literature. A gen-
eral multiobjective optimization problem is to find the vector
of design variables X = (x\, jc2, . . . , XN)T that minimize a
vector objective function F(X) over the feasible design space
X. It is the determination of a set of nondominated solutions
(Pareto optimum solutions or noninferior solutions) that
achieves a compromise among several different, usually con-
flicting, objective functions. The Pareto optimal is stated in
simple words as follows: "A vector X* is Pareto optimal if
there exists no feasible vector X which would increase some
objective function without causing a simultaneous decrease in
at least one objective function." This definition can be ex-
plained graphically. An arbitrary collection of feasible solu-
tions for a two-objective maximization problem is shown in
Fig. 1. The area inside of the shape and its boundaries are
feasible. The axes of this graph are the objectives F\ and F2. It
can be seen from the graph that the noninferior solutions are
found in the portion of the boundary between points A and B.
Thus, here arises the decision-making problem from which a
partial or complete ordering of the set of nondominated objec-
tives is accomplished by considering the preferences of the
decision maker. Most of the multiobjective optimization tech-
niques are based on how to elicit the preferences and deter-
mine the best compromise solution.

Types of Multiobjective Techniques
Nearly all of the solution schemes used in multiobjective

optimization involve some sort of scalarization of the vector

F, A

ninferior Solutions

Feasible region
in objective space

Fig. 1 Graphical interpretation of Pareto optimal.

optimization problem. The vector problem is replaced by
some equivalent scalar minimization problem. Because the
Pareto set is generally infinite, an additional use of scalariza-
tion is the selection of a unique member of the Pareto set as
the optimum for the vector optimization problem. Usually, a
problem is scalarized either by defining an additional super-
criterion function or by considering the criteria sequentially.

The three basic techniques used for generating noninferior
solutions are the weighting method, the noninferior set estima-
tion (NISE) method, and the constraint method. Balachandran
and Gero17 have discussed the relative merits and demerits
of these three methods. These methods also come under the
category of nonpreference technique. However, it should be
noted that some nonpreference techniques use preference tech-
niques (e.g., weighting and NISE methods) concepts repeated
over a number of different parametric values to generate the
entire Pareto set. Still confronted with these Pareto solutions,
the designer must choose among them by some other means. In
the following, brief details of various methods are given be-
cause some of these methods are used in the results' comparison.

Weighting Method
This technique is based on the preference techniques of the

weights' prior assessment for each objective function. It trans-
forms the multicriteria function to a single criterion function
through a parameterization of the relative weighting of the
criteria. With the variation of the weights, the entire Pareto set
can be generated. Because the results of solving an optimiza-
tion problem can vary significantly as the weighting coeffi-
cients change, and very little is usually known about how to
choose these coefficients, a necessary approach is to solve the
same problem for many different values of weighting factors.
However, because the shape and distribution characteristics of
the Pareto set are unknown, it is difficult to determine before-
hand the nature of the variations required in the weights so as
to produce a new solution at each pass. The second important
disadvantage of the method is that it will not identify the
Pareto solutions in a nonconvex part of the set.

The NISE is an extension of the weighting method with a
mechanism for quickly converging onto the Pareto set. In
addition, the accuracy of the approximation can be controlled
in the NISE method by using an error criterion. The NISE
method operates by finding a number of noninferior extreme
points and evaluating the properties of the line segments be-
tween them. One of the disadvantages of the NISE method is
that, because it is used in conjunction with the weighting
method, Pareto solutions in nonconvex parts of the set will
not be generated.
Constraint Method

The constraint method is a technique that transforms a
multicriteria objective function into a single criterion by re-
taining one selected objective as the primary criterion to be
optimized and treating the remaining criteria as constraints.
Stating the remaining objectives as constraints

F,(X)*bi 1 = 2 , 3 , . . . , $ (1)
where bf are parametrically varied target levels of the q — 1
objective functions. Each constraint set bf will produce one
Pareto solution. As in the weighting method, many different
combinations of values for each &/ must be examined to gener-
ate the entire Pareto set. The constraint method provides
direct control of generating members of the Pareto set and
generally provides an efficient method for defining the shape
of the Pareto set.

Multiobjective methods that incorporate preferences are de-
scribed later. The commonly used methods under this are the
goal-programming, game theory, and global criterion meth-
ods. In this work, the results of the global criterion method are
compared with the solutions of the present approach.

Goal Programming
In goal programming the decision maker is required to

specify goals for each objective. Goals are the quantitative
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values, considered as additional constraints in which new vari-
ables are added to represent deviations from the predeter-
mined targets. The objective function specifies the deviations
from these goals and priorities for the achievement of each
goal, in quantitative terms. The disadvantages of this method
are the selection of "correct" or "valid" levels of the under-
and overachievement of the goals (deviations from the prede-
termined targets) that requires knowledge of the individual
minima of the objective function, which is not easy to achieve
with nonconvex problems.

Game Theory
In the game theory, the multiobjective optimization prob-

lem is viewed as a game problem involving several players,
each corresponding to one of the objectives. The system is
considered to be under the control of these intelligent adver-
saries, each seeking to optimize their own gain at the expense
of their opponents, using all of the available information. In
this approach, starting with XQ as a starting point, q single
criterion optimization problems are solved to obtain optimum
solutions X*. The values of all of the objective functions at
the vectors X*, X*, . . . , X* are determined and the elements
Fiu are defined as

Fiu = max Ft(Xf); y = 1, 2, . . . , # i = 1, 2, . . . , q (2a)

Then a supercriterion or bargaining model S is constructed as

(2b)

where X* represents the solution (Pareto-optimal solution) of
a minimization problem. The supercriterion S defined in Eq.
(2b) is maximized and the optimal convex combination of the
objective functions is found; that is, c* and the corresponding
optimum solution of the problem X* = X? are determined.

Global Criterion Method (Min-Max Formulation)
In this method an optimal vector is found by minimizing

some global criterion such as the sum of the squares of the
relative deviation of the criteria from the feasible ideal points.
Thus X* is the solution of the problem

subject to

/ = 1, 2, . . . , m

(3a)

(3b)

where p is generally taken as 2 (Euclidean metric), m is the
total number of constraints, q is the total number of objec-
tives, and X* is the feasible ideal solution of the /th objective,
obtained by minimizing individual criterion.

As can be seen from the description of the multiobjective
methods, there are various drawbacks in using these ap-
proaches for solving large-scale, multidisciplinary optimiza-
tion problems. For example, many single objective optimiza-
tion problems have to be solved for generating the complete
Pareto set in the constraint or weighting methods. Different
weights have to be associated with the objectives to obtain the
Pareto set in the weighting or NISE methods. In goal-pro-
gramming, game theory, and global criterion methods, indi-
vidual minimas of the single objective function are required,
which are difficult to obtain for a nonconvex problem. Hence,
it can be seen that multiobjective optimization can become
computer intensive while generating the Pareto-optimal set.

Multiobjective Optimization Algorithm
The multiobjective optimization is solved by further ad-

vancing the generalized compound scaling algorithm concepts
presented by Venkayya.18 The methodology generates a partial
Pareto-optimal set. As stated by Rao7 and observed by many

other researchers, the optimum solution generated by the var-
ious multicriteria optimization methods can be different from
each other; therefore, a solution concept or procedure may be
defined on the basis of other attributes such as the mathemat-
ical basis of the method, its generality, and the quality of the
final solution. Keeping this in mind, the generalized com-
pound scaling algorithm for multiobjective optimization is
developed.

The multiobjective compound scaling (MCS) algorithm is
based on compound scaling techniques. The basic idea of the
scaling algorithm is to derive a set of scale factors for the
design variables such that the design can be brought to the
constraint surface in one or more steps from anywhere in the
n -dimensional design space by multiplying the current values
of the variables and the scale factors. The implication is that
the optimum lies on the constraints surface or the intersection
of constraints. The scaling techniques are generalized at each
iteration to the multiple objective functions by treating them
as additional constraints, as both the constraints and the ob-
jectives are functions of the same variables.18 In multiobjec-
tive optimization, it is known that the Pareto-optimal set lies
on the intersection of objective and constraint function con-
tours (for most structural problems); hence, treating the ob-
jective functions in the same way as the constraints seems a
reasonable approach. The difficulty in treating the objective
functions as constraints is that the constraints have a target to
satisfy and the objective functions do not. Hence, to make the
objective functions look like constraints, pseudotarget values
for the objective functions are generated so that they can be
treated as additional constraints that intersect with other con-
straints. Linear as well as nonlinear objective functions are
considered in this work to demonstrate the robustness of the
algorithm. This concept is illustrated in Fig. 2 by using the
following example:

Minimize

(4a)

(4b)
1.0

subject to

*2 + 0.25*!

1.6
*2-

(5a)

(5b)

The optimization procedure using MCS is started at the lower
bounds of the design variables (0.1, 1.0) point A. It can be
seen from Fig. 2 that, in one scaling, the design reaches the
intersection of the two constraints gi and g2* At point B in Fig.

Pareto Curve

0.1 0.2

Fig. 2 Demonstration problem.
0.3
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2, it can be seen that moving in the decreasing direction of
objective function F\ for minimization will violate the con-
straints. Hence, at point B the designs are scaled by a factor
with respect to F2 depending on the radients of the second
objective function; this is point C in Fig. 2. From point C the
design moves to the intersection of g2, Fl9 F2 to point D on the
figure. The dark, highlighted curve shows the minimal curve
(Pareto optimum). In this procedure, the design moves into
the feasible region and then back to the constraint boundary
and generates a partial Pareto curve. The details of the al-
gorithm are presented in the following sections.

Multicriteria Problem
The problem of multiobjective optimization subject to mul-

tiple constraints can be posed as follows:
Minimize

(6a)

(6b)

(6c)

(6d)

F = [FAX). F2(X)9 . . . , Fq(X)}

subject to the constraints

8j(x\9 x29 . . . , xn) = gj y = l , 2 , . . . , me

gj(Xi, X29 . . . , Xn) < gj J = me + I 9 . . . 9 t

and the side bounds on the design variables as

Xi >x^ i = 1, 2, . . . , n

where the various F are the conflicting objectives to be mini-
mized, q is the total number of objectives, n is the number of
design variables, m is the total number of constraints, and the
various g are the constraint limits.

MCS Algorithm
This technique makes use of the active constraint set strat-

egy that results in sensitivity calculations for fewer con-
straints, hence considerably reducing the computational ef-
fort. The two most important parameters in this algorithm are
the target response ratio /3 and the characteristic function /*.
Figure 3 shows the sequence of operations for the algorithm.

Compute Function
aracteristic Parameters (n- )
s constraints & q Objectives

+
Compute Scale

Factors ( A )

——

Compute Pseudo
Target Responses
for Objective
Functions

First |8 (target response ratio) parameters are computed for
all of the constraints using the following expression:

(7)

If gj and overline gj are positive, then the following statements
are valid: 0y = 1 represents the constraint surface, fy > 1 repre-
sents the feasible region, and fy < 1 represents the infeasible
region. After arranging the constraints with the various 0 in
the ascending order, the constraints with the lowest 0 values
being the most critical are selected for the active constraint set
(about 10-15) and denoted by s.

Next, the characteristic function parameter ju, is computed
for each of the selected s constraints and the objective func-
tions. The fji parameter consists of two parts based on the sign
of the individual terms in the summation.

For all negative /*// terms
ri

--£,
For all positive fiu terms

where

j = 1,2,

j = !929 s+q

j = 1, 2, . . . ,s + q

(8a)

(8b)

(8c)

where Zj is a vector containing the values of s selected con-
straints and the q objective functions, Ny is the ordered gradi-
ent matrix corresponding to the selected active constraint set s
in the order of their /3 values, which are sorted in the ascending
order and derivatives of the objective functions with respect to
the design variables.

To make the objective functions look like constraints, they
are written as

= 1 , 2 , . . . , $ (9)

where F/ are the pseudotargets for the objective functions.
These targets change in each iteration depending on the most
active or violated constraint. For example, if the first con-
straint in the active set is violated, then the pseudotargets for
the objective functions are posed higher than their present
value. If the constraint is inactive, then the targets are posed
lower than their present value to reduce the objective func-
tions. In the following, two distinct cases are identified for
computing the 0 values for these two aspects.

Casel
When the design is away from the constraint surface, the

target response ratio for the objective functions is computed as

where
6 =

V-kN < VkP

1+ttft

(lOa)

(lOb)

(10c)

Fig. 3 MCS algorithm flowchart.

and where k = 5- + 1, 5 + 2, . . . , q and ft is the target re-
sponse ratio for the most violated or most active constraint
from the active constraint set s. Because the objective func-
tions are conflicting in nature, the pseudotargets for the two
objective functions are never equal. The a. value is calculated
using the same constraint characteristic function ^ value:

__ ^ /I 1 n\
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J_
7

where

(lib)

(He)

and where /*i is the larger of VL\P or IJL\N for the selected
constraint. The objective function related to the smallest ffk is
selected to participate in the optimization process.

Case 2
In the second case when the design is on the constraint

boundary, the 0 parameters for the objective functions are set
to a value less than 1.0. The objective function that had a
lower /3 value in the previous iteration is considered for scal-
ing. The selected objective function is reduced by multiplying
or dividing the current values of the design variables by a
factor depending on whether the gradient of the objective
function is positive or negative with respect to that design
variable. The factor signifies a reduction of a selected percent-
age in the objective function at that iteration step.

The next step is to calculate the scale factors. Scale factors
A depend on the values of the function characteristic parame-
ters and target response ratios. The /* parameter signifies the
measure of nonlinearity in the constraints. If the value of pjN
or ftp is 1, scaling is exact regardless of the range of fy.
Otherwise, it might take two or three scalings to reach a
function boundary. The procedure for calculating the scale
factors is as follows:

(12a)A/A/ = -

or
(12b)

The following conditions are used in constructing the scale
factors matrix:

= 1.0

or

iOJ

(13a)

(13b)

These conditions result in s + q possible scale factors for each
design variable. The strategy in compound scaling is to select
a mix of the scale factors from various columns of the scale
factor matrix with the object of approaching the intersecting
points of the constraints and objective functions. The relevant
scale factors are determined with the help of a scale factor
assignment procedure. The underlying concept is similar to
pivoting for identifying prominent variables. The scale factors
assignment matrix is computed as follows:

= 0
(14a)

or

tu =

tij = 0
(14b)

The values of the entries in the scale factor assignment matrix
vary from zero to one.

The information in the scale factor and assignment tables
provides necessary data for generating new designs that can be
evaluated for their merit. The strategy to generate new designs
is outlined next. The following new designs are generated by
using the compound scaling technique, starting from the ini-
tial design:

1) Scale to the most active constraint surface.
2) Scale to the intersection of 1 and 2 constraints.
3) Scale to the intersection of 1, 2, and 3 constraints, and

so on.
The last design, however, includes all of the active set con-

straints plus the objective function (the objective function
with a pseudotarget function closest to unity is selected).
These designs are generated simply by using scale factors
without calling repeated finite element analyses. Now, criteria
are developed for selecting the best of these k designs. The
percentage reduction in the selected objective function and the
constraint violation are the two considerations in choosing the
best design. In reality, these two requirements will not neces-
sarily be satisfied by the same design. A decision table was
proposed by Venkayya18 for helping to choose the appropriate
design. The decision table is basically a matrix, with each row
in the matrix representing a new design obtained by applying
the compound scaling to reach the constraint intersections.
For example, the row 3 would represent a new design that is
obtained by applying compound scaling to the constraints 1,
2, and 3. The new design is selected based on weighting the
percentage reduction in the objective function and the maxi-
mum violation of constraint. The generation of the decision
table for the proposed k designs is done by using the first-
order approximation of Taylor's series.

Pareto optima are generated only if the optima lie on the
active constraint boundary. At a given iteration step, only one
objective function is selected for the previously described scal-
ing operations. The MCS algorithm simply drives the design to
the intersection of the constraints and objective functions, if
such an intersection exists.

Reliability Criteria
In multiobjective optimization, a number of Pareto-optimal

designs can be considered as acceptable and valid designs.
Decisions on the choice of the "best" or most "suitable"
design are based on preferential ranking in which the decision
maker already has set priorities for the objective functions. In
this work, the design selection procedure is developed based
on the reliability of the design considering the random nature
of the cross-sectional dimensions. In the present formulation
design, variables are considered as the random variables.

In the optimization problem, the constraint function Gf(X)
represents each mode of malfunction or failure of the system,
where Gt(X) = £/ - gj(X). For given values of random vari-
ables (X), this function separates the space of random vari-
ables into safe and failure zones. That is,

safe space

G/ (X) < 0 =» failure space

(15a)

(15b)

The boundary between these two regions, Gf(X) = 0 , is called
the failure surface or limit state function. If the joint probabil-
ity density function of the random variables fx(x) is known,
the reliability measure associated with the /th constraint (or
probability of survival) can be obtained as

(16)

In practice the joint distribution of the random variables is
rarely known, and also the integral evaluation is extremely
difficult. Approximations for the preceding integral have been
proposed by many researchers.19 Equation (16) can be approx-
imated as

PSi = «(i?/) (17)
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Fig. 4 Two hundred-bar truss structure.

where < £ ( • ) is the standard normal probability distribution
function, and iy/ is the reliability index for the ith failure
mode, defined as

(18)
(KG,)

where Gf(X) is the mean value of the constraint, and a(G/) is
the standard deviation. The constraint function G/(JT) is in
general a nonlinear function of the random variables. Thus,
the mean and variance, required in Eq. (18), cannot be com-
puted in exact form by the first and second moments of the
random parameters alone. To overcome this difficulty, the
constraint function is linearized by means of a Taylor series
expansion about an appropriate point X.

«w-
(19)

(20)

The method for evaluating T// by expanding about the mean
value of random variables is defined as a first-order, second
moment method.

The probability of failure is approximated as

Pfi = <K - 7n) (21)

Ditlevsen's first-order upper bound20 was selected for calculat-
ing system reliability. The system failure probability is approx-
imated for an inexpensive computation. Hence, combining the
individual failure probabilities of each failure subsystem, the
system reliability is evaluated as

(22)

where P/ is the system failure probability, and P// is the prob-
ability of the individual failure mode.

Numerical Results and Discussions
The MCS algorithm was applied on the optimal design of

truss and plate structures. Linear (structural weight) as well as
nonlinear (displacement, frequency) objective functions were
considered. Solutions obtained using the MCS algorithm were
compared with the global criterion method for p = 2 [Eq.
(3a)]. Pareto curves obtained using the MCS technique are
also presented in this paper.

Example 1: 200-Bar Truss
The 200-bar truss structure shown in Fig. 4 has 77 nodes,

200 bar elements, and 150 degrees of freedom. At each of
these 75 free nodes, 193-lb nonstructural mass was considered.
The structure is made up of steel with Young's modulus,
30.0 x 106 psi and a weight density of 0.283 lb/in.3 Because of
the symmetry of the structure, 105 design variables were con-
sidered in the optimization. The structure was subjected to
five different loading conditions.

The objectives were to minimize the structural weight and
maximize the fundamental natural frequency when subjected
to normal stress (ax and ay) constraints and lower bound limits
on the second and third frequencies of the structure. The
upper limits on the normal stresses were 30,000.0 psi. The
limits on the frequencies were co2 ̂  10.0 Hz and co3 > 14.0 Hz.
A total of 1002 constraints were considered in the optimiza-
tion. At the initial design, all of the cross-sectional areas were
10.0 in.2. The lower limit on the design variables was 0.1 in.2.
The initial weight of the structure was 99,634 Ib, and the first
three frequencies at the initial design were 2.87, 13.02, and
13.72 Hz.

The results obtained by minimizing the individual objective
functions are shown in Table 1. It can be observed that the
minimization of FI (weight) gave a value of F* = 16,686.97 Ib
with the corresponding value of F2 (fundamental fre-
quency) = 3.737 Hz, whereas the maximization of F2 yielded
F2* = 4.211 Hz with the corresponding FI = 21,490 Ib. These
values indicate the penalty associated with the other objective
function while optimizing a particular objective function. The
individual minimizations yielded o>2 and w3 close to each other,
which seems to be an inherent property of the structure. The
MCS algorithm generated three Pareto-optimal solutions, and
these lie at the intersection of constraints. Table 1 also shows

Table 1 Pareto-optimal set for 200-bar truss

No.
1
2
3

System reliability
0.3765
0.4023
0.4567

Global criterion method (p = 2)

F(x) = [Fi(x)9 F2(x)]9
weight, frequency

20,250.9, 4.143
18,831.0, 4.098
17,973.0, 3.987

21,470.228, 4.150

Weight, Ib
coi, Hz
«2, Hz
o>3, Hz

Initial
99,663.39

2.87
13.02
13.72

Minimize weight
subject to
constraints
16,686.97

3.737
14.390
14.904

Maximize coi
subject to
constraints
21,490.00

4.210
14.123
15.117
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the designs and their calculated system reliability. The best
possible design selected was FI = 17,973.0 Ib and F2 = 3.987
Hz based on their respective system reliability. Figure 5 shows
the minimal curve by joining the multiobjective solutions ob-
tained by the MCS algorithm. Solving the same problem using
the global criterion method for p = 2 (Euclidean metric)
yielded FI = 21,470.228 Ib and F2 = 4.150 Hz as the optimum.
This point lies on the minimal curve shown in Fig. 5.

Example 2: Simply Supported Square Plate
A square plate simply supported at the edges, with dimen-

sions 10 x 10 in., was optimized for minimum weight and
node 1 displacement (Fig. 6). The material properties are
Young's modulus E = 107 psi, Poisson's ratio v = 0.3, and
mass density p = 0.1 lb/in.3. A uniformly distributed pressure
of 100 psi was applied. The plate was modeled using 64 finite
elements (a mesh of 8 x 8). Double symmetry of the plate was

Table 2 Pareto-optimal set for simply supported square plate

4.6

4 . 2 -

3. 3
• MCS

Globol Criterion

Fig

3-
16000 18000 20000 2200.0 24000

Weight (Ib)

. 5 Minimum curve in criterion space (example 1).

Material Properties:

E=1.0EQ7psi
D =0.3
p =0.1 lb/in

a)

57

1

M

5

81

72

63

54

45

36

27

18

Optimization:

Minimize Wt.
45 Minimize u(l)

Subject to
a ^ 30000.0 psi

MESH 8X8
b)

X Element Number
x Grid Point Number

No.
1
2
3
4

System reliability
0.4670
0.4080
0.4950
0.4610

Global criterion method (p = 2)

F(x)=[Fi(x), F2(x)]9
weight, displacement

0.9319, 0.0708
0.6852, 0.1674
0.6401, 0.1779
0.6167, 0.1836

0.6835, 0.1714

Initial

Minimize weight Maximize
subject to displacement subject

stress constraints to stress constraints
Weight, Ib
w, in.

1.2500
0.0372

0.5915
0.2423

1.2500
0.0372

Table 3 Pareto-optimal set for plate with internal supports

No.
1
2
3
4

System reliability
0.4379
0.4211
0.4299
0.4212

Global criterion method (p = 2)

F(x) = [Fi(x), F2(x)]9
weight, frequency
42.88, 36,461.20
43.15, 37,859.02
43.82, 38,906.14
44.36, 39,777.20

44.56, 39,927.65

Weight, Ib
o>i, rad/s

Initial
38.4

29,816.38

Minimize weight
subject to
constraints

42.32
33,404.12

Maximize wi
subject to
constraints

63.82
43,610.63

Fig. 6 Simply supported square plate.

observed about the central axes, and hence only a quarter
model was considered. Each element was controlled by an
independent design variable. The objective was to minimize
the structural weight and the maximum nodal displacement
(node 1) subjected to normal stress (ax and ay) constraints. The
limits on the normal stresses were 30,000.0 psi. A uniform
plate with a thickness equal to 0.5 in. was taken as the initial
design, which resulted in an initial weight of 1.25 Ib, with a
corresponding maximum displacement (node 1) of 0.0372 in.,
and the design was in the feasible region. The lower bound on
the design variables was 0.1 in.

The results obtained by minimizing the individual objective
functions are shown in Table 2. It can be observed that the
minimization of FI (weight) gave a value of F* = 0.5915 Ib
with the corresponding value of F2 (maximum displace-
ment) = 0.2423 in., whereas the minimization of F2 yielded
F} = 0.0372 in. with the corresponding Fl = 1.25 Ib. These
values provide bounds on the expected Pareto solutions. The
MCS algorithm generated four optimal solutions. Table 2 also
shows the four designs and their respective system reliability.
The best possible design selected was at design 3 (Table 2)
where Fl = 0.6401 Ib and F2 = 0.1779 in. Figure 7 shows the
minimal curve in criterion space generated by MCS. This
curve was generated by simply joining the four optimal points
and the individual minimization points with line segments.
Elements near the supports were thicker than the rest of the
structure.

Solving the same problem using the global criterion method
for p = 2 (Euclidean metric) yielded Fl = 0.6835 Ib and
F2 = 0.1714 in. as the optimum. This point lies on the minimal
curve shown in Fig. 7. The present approach did not select this
as the best design, based on the system reliability criterion.

Example 3: Square Plate with Internal and Edge Supports
The third example problem was a square plate with dimen-

sions 12 x 12 in. (Fig. 8). The plate is supported along its
edges and also at internal locations to represent a platform
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0.5 0.6 0.7 0.8 0.9 1 1.1 1.2 1.3
0.00

Fig. 7 Minimal curve in criterion space (example 2).

34000

® Global Criterion

42 42.5 43 43.5 44 44.5 45 45.5
Weight, Ib

Fig. 9 Minimal curve in criterion space (example 3).

sds^L—k Th^r-A -rh A^
A A A

Material Properties:

E = l.OEOTpsi
V = 0.3
P =0.1 Ib/in

Minimize Wt.
Maximize o)1

Subject to:

^ 35000.0 rad/sec
«>3 * 40000.0 rad/sec

157

12

117

65

13

Fig. 8 Square plate with internal and edge supports.

structure with several internal supports (a total of 88 simply
supported nodes out of 169 nodes). The plate is made up of
nine blocks. The material properties are those of aluminum
with Young's modulus E = 107 psi, Poisson's ratio v = 0.3,
and mass density p = 0.1 Ib/in.3. The plate was modeled with
144 elements as a complete plate because of the inherent
properties of the plate. A total of 24 Ib of nonstructural mass
was added to the structure at all of the free nodes. At the
initial design, all of the variables were taken as 1.0 in., which
resulted in an initial weight of 38.4 Ib, and the resulting
fundamental frequency was coi = 29,816,38 rad/s. The plate
was optimized for both minimum weight and maximum fun-
damental frequency subject to constraints on the second and
third natural frequencies. The two constraints were posed as
o)2 > 35,000.0 rad/s and co3 > 40,000.0 rad/s. A minimum
gauge value of 0.1 in. was imposed on all of the design
variables. The initial design was in the infeasible region.

Characteristics of the starting design, along with those of
the designs obtained by minimizing the individual objective
functions, are shown in Table 3. The minimum of FI is
Ff = 42.32 Ib with the corresponding value of F2 = 33,404.12
rad/s. The maximization of F2 led to F2* = 43,610.63 rad/s
with the associated value of FI = 63.82 Ib. Applying the MCS

algorithm resulted in four Pareto designs with their respective
system reliability values indicated in Table 3. The best design
from Table 3 reduced the value of FI to 42.88 Ib (from a
maximum possible value of 63.82 Ib) and increased the value
of F2 to 36,461.20 rad/s (from the worst possible value of
33,404.12 rad/s). The minimal curve in the criterion space
generated by MCS is given in Fig. 9. Constraint 2 was active at
the optimum. In general, elements at the center of each block
were thicker than the others. The solution for this example
using the global criterion method (p = 2) yielded F! = 44.56 Ib
and F2 = 39,927.65 rad/s. This point lies on the minimal curve
shown in Fig. 9.

Conclusions
In this paper, a new technique for the multiobjective opti-

mization was developed. This technique was demonstrated on
large-scale problems with more than 100 design variables. In
large-scale problems, where both the finite element and sensi-
tivity analyses are applied several times in calculating just one
Pareto optimum, the computational cost becomes very high in
generating the complete Pareto optimal set. But the MCS
algorithm generates a partial Pareto set while finding the
intersections of constraints. The best compromise design
among the multiple solutions was selected based on the system
reliability of the structure. On the whole, when comparing
MCS to the methods described earlier (e.g., constraint,
weighting, global criterion, etc.), the algorithm required less
computer resources to generate an optimal set. Validation of
this technique on truss and plate structures with displacement,
stress, and frequency functions (constraints or objectives)
where the problems are highly nonlinear demonstrated the
algorithm's capabilities.
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